We generalize the concept of measurement-induced non-locality (MiN) to n-partite quantum states. We get exact analytical expressions for MiN in an n-partite pure and n-qubit mixed state. We obtain the conditions under which MiN equals geometric quantum discord in an n-partite pure state and an n-qubit mixed state.
Measurement induced non-locality (MiN) is a measure of quantum correlations as manifested in the non-local effects of local (on a single part) quantum operations [1, 2] . These local quantum operations leave invariant the reduced density operators of the parts on which they act, while changing the global quantum state. MiN concerns the von-Neumann measurement on a part of a quantum system. MiN being an inherently quantum phenomenon, is expected to be useful as a tool for quantitative specification of quantum correlation. Such a quantitative specification of quantum correlations in terms of MiN was given in [2] for bipartite quantum systems. Here we generalize this measure to n-partite quantum systems. MiN is a manifestation of the quantum verses classical paradigm of quantum correlations and naturally compares with quantum discord [3] [4] [5] [6] which is also a manifestation of such a paradigm. In fact, it is quite relevant to inquire about the conditions on quantum states under which MiN and geometric discord are equal (or, rather are different) and the different kinds of information they give about the quantum correlations in a quantum state. Here we establish such general conditions in n-partite pure and n-qubit mixed states.
To understand the non-local effects involved, consider a bipartite quantum system. The state of a bipartite system may be changed by locally invariant operation applied to one of the subsystems. This change in the bipartite state is a non-local effect and can be detected only by measuring the two parts jointly. By employing a Hilbert-Schmidt metric, for example, we can quantify such non-local effects by measuring the distance between initial and final bipartite states. These ideas are further clarified by considering an application like quantum dense coding. In this process two parties share an entangled pair of qubits (in the Bell state) one of which is subjected to a local unitary operation which does not change its reduced density operator. In other words, the marginal statistics of measurements on the particle does not change by the local operation applied to it. Thus the reduced density operators of both the qubits do not change in the process. However, the state of the whole system (the bipartite state) changes after the local unitary operation is applied to one of the qubits. Thus the change in the state of the whole system due to a local operation on a part is a non-local effect and and can be observed only by measuring the two qubits jointly. There is no way to detect this change locally, that is, there is no way for any eavesdropper to succeed by dealing with only one of the two qubits. Further, this is essentially quantum non-locality as it necessarilly involves a pair of entangled qubits in a bipartite pure state. The relation of such a nonlocality with other measures of quantum correlations is a naturally interesting question. In this paper, we address this question by exploring the relation of MiN with discord and entanglement in an n-partite quantum system. We may note here that the processes defining discord and MiN naturally devide the n-partite system into two parts, one subjected to measurement and the remaining part. However, MiN measures the change in the n-partite state brought out by such a local measurement (see Eq. (1)) and is related to the multipartite correlations implied by it (see theorems 1,2,3 below). The same statement applies to discord as well [6] . Thus both MiN and discord are amenable to genuine multipartite generalization.
Multipartite generalization of MiN : Multipartite generalization of MiN can be obtained in a manner analogous to that of geometric quantum discord [6] . For an n-partite system in a state ρ we define, for (normalized) MiN [7] 
where
k } stands for the set of von-Neumann measurements on the lth part such that
being the reduced density operator obtained by tracing out all parts other than the lth part from the n-partite state acting on
is defined by the projectors corresponding to the eigenstates of ρ (l) . When all the eigenvalues of ρ (l) are non-degenerate, there is only one von-Neumann measurement
and the maximization requirement in Eq.(1) drops out. If one or more eigenvalues of ρ (l) are degenerate, the right hand side of Eq.(1) has to be maximized over the eigenspaces of degenerate eigenvalues, which is, in general, a difficult task.
Throughout this paper the superscript t denotes the transpose of a vector or a matrix.
Comparing the definitions of MiN N l (ρ) and the geometric discord D l (ρ) [6] it follows that, for any n-partite state, N l (ρ) ≥ D l (ρ). We are interested in finding the criteria for their equality.
The multipartite non-locality can be evaluated for an n-partite pure state via the following Theorem 1 : Let |ψ = i 1 i 2 ···in a i 1 i 2 ···in |i 1 i 2 · · · i n be a n-partite pure state. Then
where ρ (l) is the reduced density matrix of the lth part and d l = dim(H l ). Proof : In order to get N l (|ψ ψ|) we can directly calculate the terms which define it (Eq.(1)). We have
Here |i 1 i 2 · · · i n is the orthonormal product basis in the n-partite Hilbert space. The set of vonNeumann measurements on the lth part is given by
) is an orthonormal basis in H (l) and U is a unitary operator acting on H (l) . We can span all orthonormal bases in H (l) by varying U. The post measurement state (after measurement on the lth part) is
where {λ k l } are the eigenvalues of ρ (l) . This calculation is done in the appendix. From the definition of N l (ρ) (Eq. (1)) we get
For a pure state ||ρ|| 2 = 1 and
The minimum is over the von-Neumann measurements leaving the marginal state
This is the spectral decomposition of ρ (l) which is consistent with our choice of {U|k l } to be the eigenbasis of ρ (l) . Since tr(ρΠ (l) (ρ)) is simply the trace of (ρ (l) ) 2 , the minimization in the definition of N l Eq.(1) drops out and we get
Corollary: For an n-partite pure state ρ = |ψ ψ|
where D l (ρ) is the geometric discord of ρ with von-Neumann measurement on the lth part [6] . This important result follows trivially, because D l (ρ) requires maximization over all von-Neumann measurements on the lth part which is obtained if the {U|k l } forms the eignbasis of ρ (l) . To make it more explicit, note that, for a pure state,
where the maximization is over all von Neuman measurements on the lth part. We get the the maximization in the second term only when {U|k l } form the eigenbasis of ρ (l) , so
It is interesting to compare N l (ρ) (Eq. (1)) with measures of entanglement of pure multipartite states. For a bipartite pure state ρ AB we have, for the concurrence,
Thus, for pure bipartite states, non-locality is simply related to concurrence. The Meyer-Wallach measure of entanglement of multipartite pure states is
where ρ k is the reduced density operator for the kth part. Thus,
Thus the Meyer-Wallach measure of pure state multipartite entanglement is the average of nonlocality over the parts of the system. Non-locality in the multipartite mixed states: To get N l (ρ) in this case, we start with the Bloch representation of a multipartite state ρ [8] . Bloch representation [8] of a n-partite density operator is
where N = {1, 2, · · · , n} and
is a Bloch vector corresponding to kth subsystem,
For more details see ref. [8] [9] [10] . Recently, for a bipartite system ab (n = 2) with states in 
where T = [t ij ] is an d Theorem 2. Let ρ 12···n be a n-partite state defined by Eq.(9), then
where the (d
] and the maximum is taken over all
2 l − 1 and {|j } is any orthonormal basis for H (l) . In particular, we have
is non-degenerate with spectral projections {|j j|}, then
(15) Theorem 3. If the lth part of a n-partite quantum system is a qubit (d l = 2), then
is the coherent vector of ρ (l) and η min is the smallest eigenvalue of the matrix K (l) which is a 3 × 3 real symmetric matrix, defined as
For n-qubit
The proofs of theorems 2 and 3 is a straightforward generalization of those of theorems 2 and 3 respectively in ref. [2] to the multipartite case, so that we skip these proofs.
Relation between the non-locality and geometric quantum discord for arbitrary n-qubit states : We saw (see Eq. (2)) that the non-locality and geometric discord are equal for arbitrary n-partite pure states. In this section we find a class of general n-qubit states for which these quantities coincide. Consider a n-qubit state ρ. The geometric discord for such a state corresponding to the von-Neumann measurement on lth qubit is given by
where s (l) is the coherent vector of ρ (l) (reduced density operator for the lth part),
, and λ max is the largest eigenvalue of the 3×3 real symmetric matrix
where K (l) is given by Eq. (17) for n qubits. The non-locality for the n-qubit state ρ is given by Eq.(11a). We now consider two cases Case I : s (l) = 0. By Eq. (19) we get
Substituting in Eq.(11a) we get
is the eigenvector of G (l) with the largest eigenvalue then the right hand side of Eq.(19) gives the geometric discord D l (ρ) so that under this condition N l (ρ) = D l (ρ). The above condition can be equivalently stated as
and
where {η i } are the eigenvalues of K (l) and η l is the eigenvalue corresponding to the eigenvector
In this case ρ has one doubly degenerate eigenvalue. With s (l) = 0 we get from Eq.(19)ê
To get non-locality we have to minimize the right hand side while the geometric discord requires maximization of the left hand side. Under these conditions, the equality in Eq. (20) if
has a single three fold degenerate eigenvalue. Examples : As our first example we consider the set of three qubit states comprising the convex combination of |GHZ = (|001 + |010 + |100 ),
with the coherent vector for the first qubit fig.(1b) .
The third example consists of
(|000 − |111 ). The K (1) matrix of this state is
and the coherent vector for the first qubit
so that case II applies. K (1) does not have a single triply degenerate eigenvalue, for all p, except p = 0 and p = 1. Therefore N l (ρ) = D l (ρ) for all p between 0 and 1. The results are shown in fig.(1c) .
The last example consists of the states
so that case II applies. K (1) does have a single triply degenerate eigenvalue, for all p. Therefore N l (ρ) = D l (ρ) for all p as shown in fig.(1d) .
Summary and comments : In this paper, we have given exact analytical expressions for MiN in an n-partite pure and n-qubit mixed state. Apart from this we obtain two results which we think are useful in further understanding of quantum correlations in multipartite quantum systems. First we have shown that the geometric discord and MiN are equal for a multipartite pure quantum state. This indicates that, in the classical verses quantum scenario, quantum correlations and non-locality imply each other. This supprts the well known result that for a bipartite pure state, entanglement and non-locality are equivalent in the sense that an entangled bipartite pure state breaks bell inequality and vice versa. Further, we have shown that, for a bipartite pure state, concurrence can be obtained from MiN (Eq. (7)), which, in turn, equals geometric discord. Thus for the bipartite pure states geometric discord and MiN do not give any new information on quantum correlations as compared to entanglement and quantum correlations seem to be essentially dominated by entanglement. Interestingly, for multipartite pure states, the Meyer-Wallach measure of entanglement is just the average over MiN with measurement on the lth part (Eq. (8)). This equation points to a new relation between the entanglement and non-locality in a multipartite pure state and projects entanglement as a kind of average non-local effect. To the best of our knowledge, a quantitative relation between a measure of multipartite entanglement and a measure of non-locality has not appeared in the literature before.
In the light of our result relating MiN, discord and entanglement for the multipartite pure states (Eq.s(6,7)), we can see that quantum non-locality and hence discord is complementary to entanglement for a two qubit pure state by comparing the teleportation and dense coding protocols. In the dense coding protocol, quantum non-locality is operating, because a local unitary operation encodes global information in the two qubit joint state which can be deciphered only by the joint measurement of the two entangled qubits. In the teleportation process we need to communicate two classical bits to translate the state of the particle from one party to another far away party provided two parties are sharing maximally entangled state, while the dense coding process is the reverse of teleportation process, as we transfer one particle so as to communicate two classical bits provided the parties are sharing maximally entangled state.
Whereas MiN and geometric discord are equal for all multipartite pure states, these coincide only for a class of multiqubit mixed states. Thus, in general, discord and MiN show different characters in multiqubit mixed states. We have obtained exact analytical conditions necessary for the equality of MiN and quantum discord in a mixed multiqubit state. These conditions obtained in case I and case II above identify a class of states for which MiN and the geometric quantum discord coincide. Recently quantum discord is shown to measure the quantumness of the state rather than genuine quantum correlation [13] . Thus for the class of states with equal N l (ρ) and D l (ρ), MiN seems to be identical or simply related to quantumness of the state. An understanding of relation between quantumness and non-locality by other routes will then be interesting. At any rate, it is interesting to explore the relation between N l (ρ) and D l (ρ) in the states for which they do not coincide, because these will improve our understanding of quantum correlations. In such situations MiN is distinct from quantumness and may even be independent of it [14] . Finaly, the results of this paper may be useful for a unified classification of correlations in a multipartite quantum state [15] .
